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I study the entanglement entropy (EE) across a deformed sphere in conformal field theories
(CFTs). I show that the sphere (locally) minimizes the universal term in EE among all
shapes. In [1] it was derived that the sphere is a local extremum, by showing that the
contribution linear in the deformation parameter is absent. In this paper I demonstrate
that the quadratic contribution is positive and is controlled by the coefficient of the stress
tensor two-point function, CT . Such a minimization result contextualizes the fruitful relation
between the EE of a sphere and the number of degrees of freedom in field theory. I work with
CFTs with gravitational duals, where all higher curvature couplings are turned on. These
couplings parametrize conformal structures in stress tensor n-point functions, hence I show
the result for infinitely many CFT examples.
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2I. INTRODUCTION AND SUMMARY OF RESULTS
A. Introduction
Entanglement entropy (EE), a quantity associated to subregions in quantum systems, plays an
increasingly important role in recent developments in a wide range of fields; see [2–5] for some
reviews from this broad spectrum. In this paper, I investigate how the ground state EE of a
conformal field theory (CFT) depends on the shape of the entangling surface Σ. See Fig. 1 for an
example of an entangling surface of interest to this work.
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FIG. 1. A d = 3 example of an entangling surface Σ, which is a deformed circle (I.4). EE is the entropy
of the reduced density matrix of region V , Σ = ∂V . The change of universal term in EE, suniv due to a
deformation of amplitude  is O(2) and is given by (I.1) in a CFT3.
In [1] it was conjectured that in the ground state of a CFT living in flat space, the sphere
minimizes the universal contribution to EE in all dimensions among all shapes of sphere topology.1
In this paper I show that the universal term for a deformed sphere has the shape dependence
s(Σ)univ = s
(sphere)
d + 
2CT F [shape] +O(3) , (I.1)
where s
(sphere)
d is the contribution of the sphere,  is the amplitude of the deformation, CT is the
overall coefficient of the stress tensor two-point function (II.5), and F [shape] is a positive semi-
definite functional of the shape of the surface that I determine explicitly. The term linear in  was
shown to be absent in [1]. Because CT is positive in a unitary theory, I have shown that the sphere
is a local minimum among all shapes for the universal piece in EE.2
There is a fruitful relation between the EE of a sphere and the number of degrees of freedom
1I thank Eric Perlmutter for discussions about the topology of Σ.
2Proving that the sphere is a global minimum would likely require new methods.
3in field theory. The Wilsonian renormalization group flow between two CFT fixed points leads to
the loss of degrees of freedom. This intuition is captured by the inequality
[
s
(sphere)
d
]
UV
≥
[
s
(sphere)
d
]
IR
, (I.2)
where the subscripts UV and IR denote s
(sphere)
d at the ultraviolet and infrared CFT. This inequality
(better known as C-theorem) is know to be true in d = 2, 3, 4 [6–11].
From the EE perspective it is not a priori clear why the number of degrees of freedom corresponds
to Σ = Sd−2 and not some other shape.3 The sphere is picked out from among all nearby shapes
by the appealing minimization result (I.1), and also by the fact that it is the only shape whose
EE counts the degrees of freedom; as argued below. In d = 4 it was shown in [13] that no linear
combination of s
(sphere)
d and CT
4 obeys monotonicity (I.2). In d = 3, 5 it is also known that CT
does not obey a C-theorem [14, 15]. Combining these results with (I.1) makes it unlikely (in d = 4
impossible) that any deformed sphere obeys a C-theorem.
I use holography to obtain my results. The holographic examples I study are arbitrary higher
curvature gravity theories, whose Lagrangians do not contain derivatives of the curvature tensor.
Through AdS/CFT I expect that these theories capture a large range of possible behaviors for
stress tensor n-point functions in CFTs. From field theory arguments it is clear that these are the
correlators that control the shape dependence of EE [16]. I only use higher curvature gravity in
the above kinematical sense. I also work only to linear order in the higher curvature couplings.5 In
these class of theories I get the same answer (I.1). Hence, my results are valid in infinitely many
dual CFT examples.
B. Summary of results
I continue the discussion with some more details. EE is divergent in the continuum limit. The
leading divergence is the well-known area law [20, 21]. The divergence structure of EE in a d
dimensional CFT is (see e.g. [22]):
S(Σ)EE =
Rd−2
δd−2
+
Rd−4
δd−4
+ · · ·+

R
δ + (−1)
d−1
2 s(Σ)univ + . . . d odd,
R2
δ2
+ (−1) d−12 s(Σ)univ log Rδ + . . . d even,
(I.3)
3In a CFT s
(sphere)
d is equivalent to the universal part of the Euclidean sphere free energy [12]. There does not exist
such a connection for other shapes. This property picks out s
(sphere)
d as a special quantity.
4In more familiar terms, a4 and c4.
5See Sec. II for further discussions of my use of the holographic setup. See e.g. [17–19] for works that use higher
derivative gravity with a similar philosophy.
4where R is the characteristic size of the entangling region Σ. To avoid clutter I omitted the
coefficients of the non-universal pieces. I am interested in the shape dependence of the universal
piece s(Σ)univ. It is universal in the sense that two calculations of EE done in different regularization
schemes will give the same result for s(Σ)univ, while the coefficients of the other terms in (I.3) will
not agree.
In this paper I restrict my attention to the case when Σ is a deformed sphere (see Fig. 1 for a
d = 3 example). I describe Σ in polar coordinates as
r(Ωd−2) = 1 + 
∑
`,m1,...,md−3
a`,m1,...,md−3Y`,m1,...,md−3(Ωd−2) , (I.4)
where  is a small parameter, Ωd−2 are the coordinates on Sd−2, and I decomposed the deformation
into (real) hyper-spherical harmonics that are eigenfunctions of the Laplacian on Sd−1.6
For such a deformed sphere EE has a small  expansion. I am interested in the universal piece:
s(Σ)univ = s
(sphere)
d + 
2s
(2)
d (Σ) +O(3) , (I.7)
where the piece linear in  vanishes [1], and s
(2)
d (Σ) will be my main focus. In this paper, for an
infinite family of holographic examples I demonstrate that
s
(2)
d (Σ) = CT
pi
d+2
2 (d− 1)
2d−2Γ(d+ 2)Γ
(
d
2
) ∑
`,m1,...,md−3
a2`,m1,...,md−3
∏
k=1,...d
(`+ k − 2)×

pi
2 d odd,
1 d even,
(I.8)
where CT is determined by the stress tensor two-point function (II.5).
7 This is the main technical
result of the paper. Although I think I gather overwhelming evidence for this formula in this paper,
it would be nice to prove (I.8) from CFT calculations.8
6They satisfy the equation:
∆Y`,m1,...,md−3(Ωd−1) = −`(`+ d− 3)Y`,m1,...,md−3(Ωd−1) . (I.5)
I choose a normalization, in which the norm of Y is one. This means that in d = 3:
Y
(c)
` (Φ) =
1√
pi
cos(`Φ) , Y
(s)
` (Φ) =
1√
pi
sin(`Φ) . (I.6)
7In [23] an equivalent integral expression is given for the shape dependence of EE in the case of Einstein gravity. In
d = 3 the formula is
s
(2)
3 (Σ) =
pi3 CT
24
∑
`
(
(a
(c)
` )
2 + (a
(s)
` )
2
)
(`3 − `) , (I.9)
in agreement with the Einstein gravity result of [1], if I take into account the normalization of Y
(c,s)
` defined in (I.6).
8One caveat is that in d = 3 in theories that violate parity, there is an interesting new structure in the stress tensor
three-point function that might contribute to s
(2)
3 (Σ), while all my examples are parity preserving. See Sec. II for
more discussion.
5An important aspect of (I.8) is that it comes from a local term in even d, but a nonlocal term in
odd d. This is seen from the highest power of ` appearing in (I.8), which is `d. In even dimensions
the universal term in EE multiplies a logarithmic divergence, and hence its shape dependence is
given by a local functional of the geometric invariants of Σ, as I discuss in more detail in Sec. II.
In particular it is a even functional of the extrinsic curvature. Accordingly, in (I.8) the highest
power of ` is even. In general, if suniv were to be a local functional, the highest power of ` in its
expansion would be even, as a local suniv has to be an even functional of the extrinsic curvature of
Σ [22, 24].9 In odd dimensions, the highest power is odd, thus suniv has to be a non-local functional
of the geometric quantities of Σ.
Note also that ` = 0, 1 deformations give zero contribution to (I.8). This had to be the case, as
` = 0 is a dilation, while ` = 1 (to leading order) is a translation of the sphere, neither of which
should change the value of suniv.
The rest of this paper presents a derivation of (I.8), organized as follows. In Sec. II I discuss
how this work is related to recent progress in the perturbative approach to EE, and show that (I.8)
agrees with formulae available in the literature for d = 4, 6. In Sec. III I first review results
of [25, 26], then using these results I derive (I.8) for an infinite family of higher curvature gravity
theories.
II. RELATION TO FIELD THEORY RESULTS
A. Field theory results for EE
In d = 4, 6 (I.8) reproduces the appropriate expansions of known results [2, 18, 27]. In d = 4
Solodukhin’s formula (II.1) determines the universal piece for all CFTs [2, 27]:
suniv =
a4
180
∫
Σ
d2σ
√
γ E2 +
c4
240pi
∫
Σ
d2σ
√
γ I2 ,
I2 = KabK
ab − 1
2
K2 ,
(II.1)
where a4 and c4 are coefficients of the trace anomaly,
10 E2 is the Euler density normalized such
that
∫
S2 d
2σ
√
γ E2 = 2, γ is the induced metric, and K the extrinsic curvature.
9This is a consequence of the definition of EE: in a pure state EE is the same for a region V and its complement V¯ .
Because the extrinsic curvature changes sign, K → −K under the change of orientation of Σ, the functional has to
be even in K.
10I normalize a4 and c4 so that they both equal one for a real scalar field.
6By plugging (I.4) into (II.1) after a short calculation I obtain:
s
(2)
4 (Σ) =
c4
480pi
∑
`,m
a2`,m
∏
k=1,...4
(`+ k − 2) . (II.2)
Using that in my normalization CT =
1
3pi4
c4, I get a precise match with (I.8).
Because the first term in (II.1) is topological, shapes continuously connected to S2 give the same
contribution. It is easy to see that I2 is nonnegative and vanishes only for the sphere. This shows
that the sphere minimizes the universal term in EE among all topologically equivalent shapes [28].
In d = 6 the analog of (II.1) is known up to some undetermined numerical coefficients [18]. To
O(2) only one term contributes, whose coefficient is fixed. In the notation of [18]:
s
(2)
d (Σ) = 6piB3T3
∣∣
O(2) = 6piB3
∑
`,m
a2`,m
∏
k=1,...6
(`+ k − 2) , (II.3)
where T3
∣∣
O(2) is the O(2) piece of T3 and B3 is one of the coefficients of the trace anomaly.
From [29, 30] it is known that B3 =
pi3
193536 CT . Then (II.3) agrees with (I.8). These field theory
checks increase my confidence in (I.8).
B. Relation to the perturbative approach to EE
Rosenhaus and Smolkin recently initiated a perturbative approach to the reduced density ma-
trix [16], which immediately translates to a perturbative approach to Re´nyi entropy [30].11 One
can get EE from Re´nyi entropies Sq by analytic continuation:
SEE = lim
q→1
Sq . (II.4)
To first order in perturbation theory, this continuation is straightforward, and the result is just
the first law of entanglement [33–35]. The perturbation theory for Re´nyi entropies remains sound
at all orders, although technical difficulties may arise due to the need to evaluate integrated n-
point functions. However, one may worry that the analytic continuation of these results to EE
may be subtle.12 For shape deformations at O(2) (or equivalently, deformations of the background
metric [1, 16, 36]) the continuation results in an integrated stress tensor three-point function [16, 30].
[37] recently tried to evaluate this integral in d = 4 and failed to reproduce the known result, (II.1)
11See however [31, 32] for subtleties arising for the simplest CFT, the free scalar.
12I thank Xi Dong for discussions on this point.
7appropriately expanded. With these confusing state of affairs, the result (I.8) may prove to be a
useful light post.
From the field theory results described above, it is clear that stress tensor correlators control the
shape dependence of EE. I will now describe some facts about stress tensor two- and three-point
functions. The stress tensor two-point function takes the form:
〈Tµν(x)Tρλ(0)〉 = CT
x2d
[
1
2
(IµρIνλ + IµλIνρ)− δµνδρλ
d
]
,
Iµν ≡ δµν − 2xµxν
x2
.
(II.5)
The three-point function is determined by three coefficients [38, 39].13 Instead of writing down
the three-point function, I choose an integrated version of it, the energy one-point function in a
state created by the insertion of the stress tensor with traceless polarization tensor, which only has
indices in the spatial directions, ij [42, 43]. It is given by
〈E(~n)〉 = E
vol(Sd−2)
[
1 + t2
(
∗ijikn
jnk
∗ijij
− 1
d− 1
)
+ t4
(
|ijnjnk|2
∗ijij
− 2
d2 − 1
)]
, (II.6)
where ~n picks the direction on Sd−2, E is the energy of the state, and CT , t2, t4 are the constants
that determine the stress tensor three-point functions. 14 15 The structure of higher point functions
of the stress tensor are less understood, see however [44]. There is an intriguing connection between
the allowed structures in n-point functions, and the independent vertices in a d + 1 dimensional
gravitational problem [42, 45].
I expect that by writing down all the higher derivative terms not containing derivatives of
the curvature, I account for a significant fraction of the possible gravity vertices in AdS. Then
by AdS/CFT, or by the counting argument of [45], I expect to capture a large range of possible
behaviors for CFT n-point functions. I only work to linear order in the higher curvature couplings,
and use higher derivative gravity in the above kinematical sense. Hence, I do not assume any
sophisticated consistency condition about the resulting theory.
13In d = 2 there is only one, in a d = 3 parity invariant theory only two independent coefficients. In a parity violating
theory in d = 3 a new structure was found in [40, 41].
14Note that in d = 3 the term multiplying t2 is zero, correspondingly there are just two independent coefficients in the
stress tensor three-point function in a parity preserving theory.
15The relation between CT , t2, t4 and the CFT coefficients A, B, C of [39] are
CT = Ω
2d(d+ 2)
[(d− 1)(d+ 2)A− 2B − 4(d+ 1)C] ,
t2 =
2(d+ 1)
d
(d− 2)(d+ 2)(d+ 1)A+ 3d2B − 4d(2d+ 1)C
(d− 1)(d+ 2)A− 2B − 4(d+ 1)C ,
t4 = −d+ 1
d
(d+ 2)(2d2 − 3d− 3)A+ 2d2(d+ 2)B − 4d(d+ 1)(d+ 2)C
(d− 1)(d+ 2)A− 2B − 4(d+ 1)C .
(II.7)
8From the perturbative approach to EE in field theory, I expected that the answer in the holo-
graphic computation would depend on the three parameters determining the three-point function.
My approach is sensitive to all higher point functions as well, hence I would be able to detect,
if the result depended on coefficients that only appear in higher point functions. Instead, I find
that only CT appears in the final result (I.8). My result then points towards a natural first step
for field theory attempts to evaluate the quantity s
(2)
d (Σ) (I.7): one should show that the tensor
structures multiplying t2, t4 do not contribute. Alternatively, if the perturbative approach in its
current incarnation only works for Re´nyi entropies, not EE (as suggested by the failure in [37]),
my result provides clues for the correct analytic continuation.
I would like to add that field theory computations – similar in philosophy to this current one
– were done for ddqSq
∣∣
q=1
[46] and d
2
dq2
Sq
∣∣
q=1
[19, 32]. These quantities are also controlled by two-
and three-point functions of the stress tensor. Consequently, ddqSq
∣∣
q=1
is determined by CT , and
d2
dq2
Sq
∣∣
q=1
depends on all three of CT , t2, t4. My computation is the analog of this latter case, but
my result does not depend on t2, t4.
Intriguingly, [23] obtained an integral expression for s
(2)
d (Σ) in Einstein gravity, which is equiv-
alent to (I.8). They speculate that their formula is an integrated stress tensor two-point function.
It would be very interesting to see the field theory derivation of s
(2)
d (Σ).
III. EE OF A DEFORMED SPHERE IN HIGHER CURVATURE GRAVITY
A. EE in higher derivative gravity
Using the generalized gravitational entropy introduced in [47], [25] determined a nice prescrip-
tion for the EE in higher derivative gravity, whose Lagrangian does not contain derivatives of the
Riemann tensor.16 I review the procedure below. EE is given by evaluating the generalized area
functional (III.2) on the (generalized) Ryu–Takayanagi (RT) surface [50]. In Einstein gravity the
RT surface is the minimal area surface homologous to the boundary region V . In a higher curva-
ture theory it is not known, if the equation of motion for the RT surface can be obtained from the
minimization of the generalized entropy functional (III.2). See [25, 51] for discussion of this point.
This issue does not affect my work, as I discuss in Sec. III C.
16[48] obtained less general results with similar techniques at the same time. There has been recent progress on theories
with derivatives of the Riemann tensor [49].
9Firstly, one has to go to coordinates adapted to the surface:
ds2 =
[
dzdz¯ + T (z¯dz − zdz¯)2]+ (gij + 2Kaijxa +Qabijxaxb) dyidyj
+ 2i (Ui + Vaix
a) (z¯dz − zdz¯) dyi + · · · .
(III.1)
These coordinates can be constructed by shooting geodesics normal to the surface, thereby getting
the transverse coordinates to the surface, xa = (z, z¯), and constructing a set of coordinates along
the surface, yi.
EE is then given by the following functional evaluated on the RT surface:
SEE = 2pi
∫
dd−1y
√
g
{
∂L
∂Rzz¯zz¯
+
∑
α
(
∂2L
∂Rzizj∂Rz¯kz¯l
)
α
8KzijKz¯kl
qα + 1
}
. (III.2)
I will refer to the first term of the sum as Wald, to the second as Dong term. The second derivative
of L has to be written in components. The following components of the Riemann tensor have
to be further expanded in terms of the extrinsic curvature Kaij , Qabij ≡ ∂aKbij , and the lower-
dimensional Riemann tensor rikjl:
Rabij = R˜abij + g
kl(KajkKbil −KaikKbjl) ,
Raibj = R˜aibj + g
klKajkKbil −Qabij , (III.3)
Rikjl = rikjl + g
ab(KailKbjk −KaijKbkl) ,
where I have defined
R˜abij ≡ 2εab(∂iUj − ∂jUi) ,
R˜aibj ≡ εab(∂iUj − ∂jUi) + 4gabUiUj ,
(III.4)
where εzz¯ = −εz¯z = i/2. I will use α to label the terms in the expansion. For each term in the
expansion of the second derivative of L, which is itself a product, qα is defined as the total number
of Qzzij and Qz¯z¯ij , plus one half times the total number of Kaij , Rabci, and Raijk. Finally, one has
to sum over α with weights 1/(1 + qα).
As an example I consider the Lagrangian:
S =− 1
16piGN
∫
dd+1x
√
G
[
R+
6
L2
+ λ1L
2R2 + λ2L
2RµνR
µν + λ3L
2RµρνσR
µρνσ
]
, (III.5)
10
where Gµν denotes the full d+ 1 dimensional metric. [25, 52] determined a closed form expression
for the EE of this theory from (III.2):
SEE =
1
4GN
∫
dd−1y
√
g
[
1 + 2λ1L
2R+ λ2L
2
(
Raa −
1
2
KaK
a
)
+ 2λ3L
2
(
Rabab −KaijKaij
)]
(III.6)
I will get away without determining such an expression for the case of a general L and still compute
EE to O(2) by using the special features of my problem.
B. Stress tensor correlators in higher derivative gravity
Before embarking on the calculation of the deformed sphere EE, I review the relevant results of
the very useful paper [26], which are based on the background field formalism [53]. The prespriction
is to treat Gµν and Rµνρσ as independent variables, and expand L(Gµν , Rµνρσ) in Rµνρσ around
the quantity R¯µνρσ = − 1L˜2 (GµρGνσ −GµσGνρ), where L˜ is the AdS radius. I denote the difference
of the curvature from this background tensor by
∆Rµνρσ = Rµνρσ − R¯µνρσ . (III.7)
Note that ∆Rµνρσ = 0 on AdS, as Rµνρσ = R¯µνρσ when Gµν = G
(AdS)
µν .
The Lagrangian in the background field expansion takes the form
L = − 1
16piGN
(
c0
L˜2
+ c1∆R+
c4L˜
2
2
∆R2 +
c5L˜
2
2
∆Rµν∆R
µν +
c6L˜
2
2
∆Rµνρσ∆R
µνρσ +
8∑
i=1
c˜iL˜
4∆Ki + · · ·
)
,
(III.8)
where c0 = −2dc1 and I used the notation ∆Ki = Ki|R→∆R. The basis for the third order terms is
given by
Ki =(R3, RµνRνρRρµ, RRµνRµν , RRµνρσRµνρσ, RµνRρσRµσρνσ,
RµνR
µρσλRνρσλ, RµνρσR
µνλδRρσλδ, RµνρσR
µλρδRν σλ δ) .
(III.9)
11
For the four derivative theory (III.5), the coefficients in (III.8) are given by:
c1 = 1− 2γ (d(d+ 1)λ1 + dλ2 + 2λ3) ,
c4 = 2γλ1 , c5 = 2γλ2 , c6 = 2γλ3 ,
c˜i = 0 ,
(III.10)
where I introduce γ ≡ L2/L˜2 that determines the relationship between the cosmological constant
and the AdS radius. γ is determined by the equation:
0 = 1− 3γ + γ2 d− 3
d− 1 (d(d+ 1)λ1 + dλ2 + 2λ3) . (III.11)
[26] calculates CT , t2, t4 in this formalism. In terms of the coefficients in (III.8) they are given
by:
CT =
L˜d−1
4GN
Γ(d+ 2)
2pi
d+2
2 (d− 1)Γ (d2) (c1 + 2(d− 2)c6) ,
t2 =
L˜d−1
16piGN
d(d− 1)
c1 + 2(d− 2)c6 [2c6 − 12(3d+ 4)c˜7 + 3(7d+ 4)c˜8] ,
t4 =
L˜d−1
16piGN
6d(d2 − 1)(d+ 2)
c1 + 2(d− 2)c6 (2c˜7 − c˜8) .
(III.12)
A nice consistency check of the above formulae is that in d + 1 = 4 bulk dimensions I get no
contribution from the Gauss–Bonnet term, R2 − 4RµνRµν + RµρνσRµρνσ. The reason is that in
four dimensions the Gauss–Bonnet term is a topological, hence it should not contribute to the
propagation of gravitons that determine CT , t4. Note that t2 does not have a meaning in d = 3,
correspondingly the stress tensor three-point function only depends on two parameters in a parity
invariant theory.
C. Ryu–Takayanagi surface in Einstein gravity
I will only need some pieces of the general framework presented in Sec. III A. I will only work to
first order in the higher derivative couplings. This means that I can use the RT surface of Einstein
gravity, and evaluate (III.2) on this surface. The surface is corrected at first order in the higher
derivative couplings, but as usual they do not change the on-shell action SEE to linear order.
Let me specify the particular features of the problem. Firstly, I describe the RT surface in
a coordinate system that is not the coordinate system in (III.1). The usual parametrization of
12
AdSd+1 in Poincare´ coordinates is
ds2 =
L˜2
u2
(
dt2 + dr2 + r2dΩ2d−2 + du
2
)
. (III.13)
I use L˜ to denote the true AdS radius, which does not necessarily agree with L determining the
cosmological constant as in (III.5), due to corrections coming from higher derivative terms. I use
u instead of the usual z to avoid the clash of notation with the surface adapted coordinates (III.1).
I then trade (r, u) for (ρ, Θ) by
ρ =
√
r2 + u2 ,
Θ = arctan
r
u
.
(III.14)
In these coordinates
ds2 =
L˜2
ρ2 cos2 Θ
(
dt2 + dρ2 + ρ2dΩ2d−2
)
, (III.15)
where Ωd−1 = (Θ,Ωd−2) and Ωd−2 represents the field theory angular directions. Note that the
range of Θ is only [0, pi/2], so the constant ρ slices are hemispheres. The AdS boundary is at
Θ = pi/2.
The surface computing the EE of a circle is a hemisphere mentioned above. The RT surface for
a deformed sphere is given by:
ρ(Θ,Ωd−2) = 1 +  ρ1(Θ,Ωd−2) +O(2) . (III.16)
Naively, the O(2) correction would also have to be kept, but I found that it does not contribute
to the quantities appearing in (III.1). It would be good to understand this cancellation better.
By plugging in (III.16) into the equation of motion coming from the area functional (relevant
for Einstein gravity), and expanding in , I obtained the surface anchored on (I.4) in general
dimensions:
ρ1(Θ,Ωd−2) =
∑
`,m1,...,md−3
a`,m1,...,md−3Y`,m1,...,md−3(Ωd−2)f`(Θ) ,
f`(Θ) ≡ C` sin`(Θ) 2F1
(
`− 1
2
,
`
2
;
1
2
(d+ 2`− 1); sin2(Θ)
)
,
C` ≡
sin
(
pid
2
)
Γ
(
1− d2
)
Γ
(
1
2(d+ `− 1)
)
Γ
(
d+`
2
)
piΓ
(
1
2(d+ 2`− 1)
) .
(III.17)
13
This minimal surface was also derived in [23], where an equivalent integral expression is given.
Note that different spherical harmonics do not mix, and to this order in  the solution is just
a superposition. (III.17) simplifies in odd d: in d = 3 the answer for a deformed circle is given
by [1, 54]:
ρ1(Θ,Φ) =
∑
`
(
a
(c)
`
cos (`Φ)√
pi
+ a
(s)
`
sin (`Φ)√
pi
)
tan`
Θ
2
(1 + ` cos Θ) . (III.18)
where Φ is the field theory angular direction; in d = 5, f`(Θ) takes the form:
f`(Θ) = tan
` 1 + (`+ 1) cos Θ +
`(`+2)
3 cos
2 Θ
1 + cos Θ
. (III.19)
D. Simplification of the EE functional
The next step is to determine the coordinates adapted to the surface (III.16) as in (III.1).
I have to construct geodesics emanating from the surface. I denote the affine parameter of the
geodesics by s (s = 0 at the surface), the angle of their tangent vector to the vector ∂t by sin τ ,
and the starting point on the surface by ωd−1 = (θ, ωd−2). I construct the geodesics by solving the
geodesic equation in a power series in s, thereby covering a small neighborhood of the surface with
coordinates (s, τ, ωd−1). For illustration purposes, I show the linear in s piece to O():
t
ρ
Ωd−1

=

s sin τ cos θ [1 + ρ1(ωd−1)]
1 + ρ1(θ, φ) + s cos τ cos θ [1 + ρ1(ωd−1)]
ωd−1 − s  cos τ cos θ ∂ωD−2ρ1(ωd−1)

+O(2, s2) , (III.20)
where ∂ωd−1 is a shorthand for g˜
ij∂i, where g˜ij is the round S
d−1 metric. I need these expressions
up to O(2, s3) to do the calculation, but the expressions are too lengthy to print. Finally, I change
variables to
z = s eiτ ,
z¯ = s e−iτ ,
(III.21)
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to get to the final adapted coordinate system with xa = (z, z¯) and yi = ωd−1. I can now go ahead
and read off the functions that appear in (III.1). It is worth displaying gij here:
ds2
∣∣
z=z¯=0
=
L˜2
cos2 θ
[
g˜ij + 
2∂iρ1(y) ∂jρ1(y) +O(3)
]
dyidyj . (III.22)
Note that there is no linear in  piece in gij . To construct all the curvatures needed to evaluate (III.2)
I use that AdS is a maximally symmetric space, hence:
Rµνρσ = − 1
L˜2
(GµρGνσ −GµσGνρ) . (III.23)
I will also need Kaij . To leading order in  it can be constructed from starting with the adapted
coordinates of the sphere:
Kzij = Kz¯ij =
1
2
[
∇inj − ninµ∇(0)µ nj
]
+O(2) ,
nµ =
(
1
2
,
1
2
, −δθi
z + z¯
2
tan θ − 
cos θ
∂iρ1(y)
)
,
(III.24)
where the (0) superscript denotes covariant derivatives compatible with the metric at  = 0, i.e. the
metric adapted to the sphere.
There are several remarks in order:
(i) Because the surface only differs for a hemisphere at O(), the extrinsic curvature Kaij = O().
This brings about a major simplification; because I only want the answer to O(2), I only
need to evaluate the second derivative of L in the Dong term of (III.2) to zeroth order in .
(ii) Ui can be thought of as a Kaluza–Klein gauge field. In AdS it is a flat connection, and my
choice of coordinates makes it zero. Hence, R˜abij , R˜aibj vanish.
(iii) Making use of the above two points, I can make the replacements in (III.3):
Rabij → 0 ,
Rziz¯j → −Qzz¯ij , Rzizj → 0 , Rz¯iz¯j → 0 , (III.25)
Rikjl → rikjl ,
where the RHS is understood to be true at O(0). Hence, these replacements should only be
used in the Dong term. For the rest of the Riemann tensor components I can use (III.23)
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evaluated on the surface. Because the metric is block diagonal on the surface Rabci and Raijk
are all zero.17 Thus, I remarkably get that all terms that would contribute to the count in
qα are zero. Hence, qα = 0 for all the nonzero terms in the sum.
In the four-derivative case, I already have the formula (III.6), that is easily evaluated. For the
most general L, however, the above remarks bring major simplification. From what I explained
above, I conclude that (III.2) can be replaced by:
SEE = SWald + SDong ,
SWald = 2pi
∫
dd−1y
√
g
∂L
∂Rzz¯zz¯
,
SDong = 16pi
∫
dd−1y
[√
g
∂2L
∂Rzizj∂Rz¯kz¯l
]
=0
KzijKz¯kl .
(III.26)
Firstly, I will analyze the Wald term. From the background field Lagrangian (III.8) it is easy to
see that
16piGN
√
g
∂L
∂Rzz¯zz¯
= −c1
√
g
2
(
GzzGz¯z¯ −Gzz¯Gzz¯) = 2c1√g . (III.27)
Secondly, I look at the Dong term. Again, from the background field Lagrangian it is clear that
only the terms quadratic in ∆Rµνρσ contribute. A short calculation gives:
16piGN
[√
g
∂2L
∂Rzizj∂Rz¯kz¯l
]
=0
KzijKz¯kl = −√g
∣∣
=0
[
c5L˜
2
16
KaK
a +
c6L˜
2
4
KaijK
aij
]
. (III.28)
A nice sanity check of (III.27) and (III.28) is to compare them to (III.6) with ci given in (III.10).
The curvature terms combine exactly into c1 and the coefficients of the extrinsic curvature terms
also match.18
17Due to the vanishing of Ui (and Vai), the metric is block diagonal even away from the surface to the order exhibited
in (III.1).
18There is also a more elementary argument for the structure of this result that does not use the background field
technique. Note that the Wald term is an arbitrary combination of Riemann tensors that has four uncontracted
indices. Using (III.23) these fall apart into metric tensors. Because the metric is block diagonal, the only pairing of
indices is (Gzz¯)2 = 4. A similar argument applies to the Dong term. However, this method does not enable us to
keep track of the overall coefficients effectively.
From these elementary considerations it follows that the Wald term vanishes, if there are at least two Weyl tensors
in L, while the Dong term vanishes, if there are at least three. The argument is simple, the Weyl tensor vanishes in
AdS, as it is a conformally flat space. Hence, unless the derivatives hit all the Weyl terms, the result will be zero.
If the field theory argument that s
(2)
d depends on the integrated stress tensor three-point function gets elevated to
a proof in the future, then one can think of this work as a trick that uses holography to evaluate the integrated
three-point function. In d = 3 from the above argument I immediately conclude that the s
(2)
3 cannot depend on t4,
as adding a Weyl cubed term to L changes t4, while s(2)3 remains unchanged. The full form of the shape dependence
can then be fixed from one CFT example, i.e. from the dual of Einstein gravity. With specific choices of L, in
higher dimensions the t2, t4 independence can also be established. However, in the absence of better field theory
understanding I proceed without making the assumption that the result can only depend on CT , t2, t4.
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The minimal surface condition in Einstein gravity results in the equation of motion:
Ka = 0 . (III.29)
Because the surface (III.16) satisfies this equation at every order in , I can further simplify the
Dong term. Finally, I obtain
SEE =
1
4GN
∫
dd−1y
[
c1
√
g − c6L˜2√g
∣∣
=0
KaijK
aij
]
. (III.30)
E. Evaluation of the EE of a deformed sphere
Finally, I have to evaluate (III.30). The first term,
∫
dd−1y √g is just the area of the RT surface
that would give the entropy in Einstein gravity. I could have evaluated this integral in Sec. III C.
However, it is more convenient to evaluate it in the surface adapted coordinates (III.22), as from
the form of gij (III.22) I see right away that the O(2) correction to the shape of the surface does
not contribute to the area. This is rather hard to see in other coordinate systems. I expand
√
g as:
√
g =
√
g˜
cosd−1 θ
[
1 +
2
2
cos2 θ
(
g˜ij∂iρ1∂jρ1
)]
, (III.31)
where g˜ij is the round metric on S
d−1, as before. Evaluating the area through explicit calculation
gives the contribution to the universal term:
[∫
dd−1y
√
g˜
2 cosd−3 θ
(
g˜ij∂iρ1∂jρ1
)]
univ
=
= L˜d−1
∑
`,m1,...,md−3
a2`,m1,...,md−3
2d−1Γ
(
d
2
)2 ∏
k=1,...d
(`+ k − 2)×

pi
2 d odd,
1 d even.
(III.32)
[23] obtained an equivalent integral expression.
The evaluation of the simplified Dong term again proceeds through explicit calculation. Al-
though the integrand is rather dissimilar to the Wald term, the universal contribution has the
same shape dependence.19 It would be good to understand why this is the case from a general ar-
19The divergent contributions differ. This demonstrates that the two terms cannot be deformed into each other using
any clever manipulations.
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gument. By adding the Wald and Dong terms, I get the following combination multiplying (III.32):
c1 + 2(d− 2)c6
4GN
=
2pi
d+2
2 (d− 1)Γ (d2)
Γ(d+ 2)
CT
L˜d−1
, (III.33)
where I used (III.12). Note that I was only working to linear order in the higher curvature couplings,
so the agreement valid to all orders in the couplings is a nice coincidence.
Thus, the final result is:
s
(2)
d (Σ) = CT
pi
d+2
2 (d− 1)
2d−2Γ(d+ 2)Γ
(
d
2
) ∑
`,m1,...,md−3
a2`,m1,...,md−3
∏
k=1,...d
(`+ k − 2)×

pi
2 d odd,
1 d even,
(III.34)
as announced in the introduction.
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